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Abstract We present a scheme for optimal joint remote state preparation of 
two-qubit equatorial states. Our protocol improves on a previous scheme (B. S. 
Choudhury and A. Dhara 2015 Quantum Inf. Process. 14 373) that had a success 
probability of 25%, which increased to 50% when extra classical information is 
sent to the receiver. We show that using our modified scheme, the desired state 
can be prepared deterministically with the same quantum channel. Moreover, we 
generalize the scheme to prepare IV-qubit equatorial states in which the receiver 
can reconstruct the original state with 100% success probability. 
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1 Introduction 

Remote state preparation (RSP) [I], like quantum teleportation [2], is a novel 
way to transmit a quantum state between distant parties without physically send¬ 
ing the state itself. Although it is only applicable to known states, RSP requires 
less classical communication than quantum teleportation [3], Moreover, the two 
resources for quantum communication - quantum entanglement and classical com¬ 
munication - can be traded off against each other in RSP schemes. Due to its 
interesting properties, RSP has been widely studied theoretically |H[5l[6l[71[8l[9l[T0| 
and experimentally in recent years. 
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To satisfy the requirements of different communication scenarios, RSP has sev¬ 
eral variants, one of which is called joint remote state preparation (JRSP) |17ill8| . 
In JRSP, the knowledge of the state to be prepared is shared by several senders, 
each of them having partial information. The receiver has no information about 
the state. Only when all the senders collaborate can the receiver reconstruct the 
desired state via some operations on his/her own particles. Many novel JRSP 
schemes have been designed for different types of quantum states using a variety 
of quantum channels p~TlfT8lfT9l[20l[2Tl[22l[23ll 24 LI 25l[26l[2T ]. Most recently, a JRSP 
scheme for preparing two-qubit equatorial states was proposed by Choudhury and 
Dhara [28]. In this scheme, two senders each have partial information about the 
state to be prepared and the quantum channel is composed of two maximally 
entangled three-qubit Greenberger-Horne-Zeilinger (GHZ) states. After the two 
senders apply projective measurements on their qubits and transmit their mea¬ 
surement outcomes, the receiver can reconstruct the original state with a success 
probability of 25%. The authors also showed that the success probability can be 
increased to 50% if one sender transmits extra classical information to the receiver. 
We henceforth refer to this scheme as the CD protocol. 

In this letter, we revisit the scenario for JRSP of 2-qubit equatorial states ex¬ 
plored in Ref. [28] and show that the CD protocol is not optimal. Our analysis 
demonstrates that by modifying the measurement basis of the two senders, the 
receiver can deterministically obtain the desired state with proper unitary opera¬ 
tions. Moreover, we extend the scheme to JRSP of IV-qubit equatorial states and 
explicitly describe the general form of the senders’ measurement bases. In our 
scheme, the receiver can always perform a unitary operation corresponding to ev¬ 
ery possible measurement outcome of the senders and reconstruct the state with 
100% success probability. 

2 JRSP of an arbitrary equatorial two-qubit state 

There are three spatially separated parties in this JRSP scheme, the two senders 
Alice and Bob and the receiver Charlie. Alice and Bob wish to help Charlie prepare 
an arbitrary equatorial two-qubit state written as 


|$> = i(|00)+e^ 1 |01) + e l52 |10)+e^ 3 |ll)). 


( 1 ) 


Here 5j(j = 1, 2, 3) is a real phase parameter shared by the two senders. Alice and 
Bob have partial information about this state. They each know the parameters a,j 
and bj , respectively, such that 


— a j bj i (/ — 1; 2, 3). 


( 2 ) 


The receiver has no knowledge about the desired state at all. Only when the two 
senders collaborate will the receiver be able to reconstruct the two-qubit equatorial 
state in his location. 

The quantum channel is composed of two maximally entangled three-qubit 
GHZ states. 


| S') = \GHZ 3 )a 1 b 1 c 1 ® \GHZ 3 )a 2 b 2 c 2 , 
| ghz 3 ) = -^=(|ooo) + |111)). 


( 3 ) 

( 4 ) 
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Particles Aj belong to Alice, and Bj , Cj belong to Bob and Charlie, respectively. 
To help Charlie prepare the desired state, Alice and Bob perform projective mea¬ 
surements on their own qubits based on the partial information they have. The 


measurement basis for Alice and Bob is selected to be 

lv»o) = 7j(|00) + e~ iXl \01) + e _iX2 |10) + e _ia:3 |ll)), (5) 

l<pi> = ^(|00) + ie~ iXl \0\) — e _iX2 |10) — ie~ iX3 \\l)), (6) 

l<P 2 > = |(|00) - e~ iXl 101) + e-^-llO) - e-“ 3 |ll», (7) 

l¥>3> = ^(|00) — ie~ iXl \01) — e~ iX2 \\Q) + ie~ iXz \l\)). (8) 


Here x = a(b) for Alice (Bob). The four states are mutually orthogonal and Alice 
(Bob) can obtain each one of them with equal probability. The quantum channel 
can be rewritten in terms of Alice’s and Bob’s measurement basis as 

l*> = l [|¥>o>a 1 a 2 | V >o>b 1 b 2 (|00> + e iSl |01) + e^lO) + e^|ll» Cl c 2 

+| ( Po)a 1 a 2 |v 3 i)b 1 b 2 (| 00) - ie^ 1 101) - e &2 \lQ) + ie*' 53 |ll))c 1 c 2 
+|¥>o)a 1 a 2 |^ 2 )b 1 b 2 (| 00) - e il5l |01) + 110) - e^|ll» Cl c 2 

+| ( Po)a 1 a 2 |<P 3 )b 1 b 2 (|00) -j- ie iSl \01) - e^|10) - ie^|ll)) Cl c 2 
+Iv 3 i)a 1 a 2 |<Po)b 1 b 2 (100) - 101) - e I<52 |10> + ie^ 3 |ll)) Cl c 2 

+| ( Pi)a 1 a 2 |v?i)b 1 b 2 (|00) - e l5l |01) + e i4a |10) - e 1 * 3 |ll» Cl c 2 
+|^i)a 1 a 2 |<P 2 )b 1 b 2 (| 00) +ie 5l \m) - e 52 \\Q) - ie^ 3 |ll)) Cl c 2 
+| ( Pi)a 1 a 2 |<P3)b 1 b 2 (| 00) + e^ 1 101) + e ,<52 110) + e z<53 111) )c , 1 c 2 
+|^)A 1 A 2 |^o)B 1 B 2 (|00)-e i5l |01) + e^|10)^e i53 |ll))c 1 c 2 
+| ( P2 )a 1 a 2 |<Pi)b 1 b 2 (|00) + ie' Sl \Ql) - e^ 2 |10) - ie^ 3 |ll)) Cl c 2 

+|(P2)a 1 a 2 | | P2)b 1 b 2 (|00) + e Sl 101) + e I<52 110) + e l5s |11 )) c 1 c 2 

+|<^2)a 1 a 2 |<P3)b 1 b 2 (|00) - ie %5l \01) - e^ 2 |10) + ie^ 3 |ll)) Cl c 2 
+|‘P3)a 1 a 2 |<po)b 1 b 2 (|00) +ie %Sl \Ql) - e^ 2 |10) - ie^ 3 |ll)) Cl c 2 
+| ( P 3 )a 1 a 2 |<Pi)b 1 b 2 (| 00) + e ai |01) + e i<52 |10) + e 1 * 3 |ll» Cl c 2 
+|¥> 3 )a 1 a 2 |^2)b 1 b 2 (|00) - 101) - e* 52 |10) + ie*' 53 |ll)) Cl c 2 

+|¥’3)a 1 a 2 |^3)b 1 b 2 (|00) - e i5l |01) + e^ 2 110) - e iS * |ll» Cl c 2 . (9) 

From this expression it is clear that no matter what measurement results Alice 
and Bob get, the state of C'iC '2 can always be transformed to Eq.(l) via a unitary 
operation. For example, if Alice and Bob’s measurement results are |<^3)a 1 a 2 and 
1^3) b 1 b 2 j the unitary operation for C'i C '2 is U = |00)(00| — |01) (011 + 110) (10| — 

111) (111 = (/)c 1 <8>(<t z )c 2 . Only when the measurement outcomes of both Alice and 
Bob are sent to Charlie can he prepare the desired state. The success probability 
of this JRSP scheme is 100% in principle. 
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3 JRSP of an arbitrary equatorial 7V-qubit state 

We now generalize our scheme to describe the deterministic JRSP of an arbitrary 
equatorial iV-qubit state, which can be written as 

i 1 

\&) = , E exp(iSj)\l N ,I n-1,. (10) 

Z 1 ,...,Zjv=0 

Here j = 0,1, 2,2^—1, which is the decimal form of the binary string (In, In- i, •••, 

N 

j = Y^2 n ~ 1 ln. (11) 

n= 1 

The two senders share partial information about the desired state with aj+bj = 5j 
{j = 0,1, 2, ...2 '“1). The three parties share N three-qubit GHZ states in advance. 

\GHZ 3 )A n B n c n = —t=(| 000) + |lll)) J 4 n B„c„, (n = 1,2, N). (12) 

v 2 

Alice and Bob perform projective measurements on her/his particles Ai, A 3 ,..., Ajv 
and Bi, B 2 , ..., Sjv, respectively. Their measurement basis can be written as 

Wk) = nr N V exp(- J — -—)|Zjv, ijv_l , —M), (13) 

(v2) i 1> ... l i N =o 

where k = 0,1,2,..., 2 A — 1 and x = a(b) for Alice (Bob). Then the original N 
GHZ states can be rewritten in terms of Alice’s and Bob’s measurement bases as 

W) = \GHZ 3 ) Ai b 1 c 1 ® \GHZ 3 )a 2 b 2 c 2 ® ® \GHZ 3 )a n b n c n 

1 2 n — 1 2 n — 1 

2 N ^ ^ ( \^Pk A ) A 1 A 2 ...A N \<Pk B ) B 1 B 2 ...B N 0 

k 2 4=0 k b =0 

[ 7 I] exp( ^ 7Vlj( ' k 4 A + kB ' > )exp(i5j))\l N: lN-i,:.,h}c 1 c 2 ...c N ]- 

q,...,ijv=0 

(14) 

We hnd that no matter what measurement results Alice and Bob obtain, the state 
of Charlie’s particles can always be transformed to the desired form via unitary 
operations: 


Uk A k B — E exp( —— ^ ^ )\In,In-i, 

l\..,lN =0 

® 1 9 • .. 971— 1 7 

= nE eX P(-4- ~)Vn){ln V (15) 


Charlie only has to perform N single-qubit unitary operations based on Alice’s 
and Bob’s measurement results Ua and ^ in order to obtain the state. 
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4 Discussion 

We have revisited the scheme described in Ref. [28] for JRSP of two-qubit equatorial 
states. We have shown that the success probability of the scheme can be improved 
from 25% to 100% by choosing optimal measurement bases for the two senders 
. We have also successfully generalized our scheme to remotely prepare IV-qubit 
equatorial states in a deterministic manner. 

In our scheme, there are only two senders. Actually, the scheme can be simply 
changed to a JRSP protocol with M senders. Suppose each sender holds partial 
information where aj + bj +... + rrij = Sj ( j = 0,1,... 2 A — 1). In this case the quan¬ 
tum channel should be N (M + l)-qubit GHZ states. Each of the senders measures 
her/his own N particles in an appropriate basis | tp) based on her/his information. 
Then the receiver can obtain the desired state via unitary operations conditioned 
on the M senders’ measurement results. Moreover, the scheme can also be gen¬ 
eralized to a controlled RSP (CRSP) scheme }29il30l[31H321l33| by increasing the 
number of qubits in the GHZ states. Generally, the controller has no information 
about the quantum state to be prepared. Therefore, he/she only needs to perform 
N single-particle measurements in the diagonal basis |±) = -^j(|0) ± |1)). 

The equatorial states have some special properties that make them interesting 
for quantum information processing |34ll35lf36] . Since they contain less information 
compared to arbitrary quantum states, it should be easier to prepare equatorial 
states than arbitrary states. It was previously shown that a single-qubit equatorial 
state can be remotely prepared with one classical bit via the maximally entangled 
channel [3]. From our results, we can conjecture that the equatorial state can 
always be deterministically prepared via a proper maximally entangled channel. 
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